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Introdu tion

This paper deals with the resolution of a

limbing problem by the Hamilton-Ja obi-Bellman

(HJB) approa h.
Traje tory optimization for spa e laun hers is a

lassi al problem in optimal

ontrol, see

for instan e [1, 2℄ and the referen es therein. The pioneering Goddard [3℄ problem is perhaps
the simplest model. It

onsists in maximizing the nal altitude of the ro ket, for a verti al

ight, with a given initial propellant allo ation.
by three state variables: the altitude

r

system is submitted to the aerodynami
for e

−
→
FT .

In one dimension this model is des ribed

of the laun her, its velo ity
for e (the drag

−→
FD )

and is

v

and its mass

m.

The

ontrolled via the thrust

Sin e this work, several studies were made on theoreti al properties of the optimal

traje tories [1, 4, 5℄ and numeri al methods allowing to

al ulate these traje tories [1, 5, 6, 7,

8, 9, 10℄, and in parti ular [11, 12, 13, 14℄ for the as ent problem.
Several numeri al methods have been developped for traje tory optimization of spa e laun hers. The rst

lass is based on a dis retization of the

ontrol problem leading to the resolution

of a nite dimensional nonlinear optimization problem.

Spe ial dis retization and powerful

solvers of nonlinear optimization are here needed to take into a
of the original problem, to handle properly the state
a

urate solution. An other

ing algorithms.

ount the physi al properties

onstraints, and in order to obtain an

lass of methods usually used for traje tory optimization is shoot-

These methods aim to solve the rst order ne essary optimality

onditions

(Pontryagin Maximum Prin iple or PMP). In some situations, the optimality

onditions

be redu ed to a two-point boundary problem for the state and the

ourse, a solu-

tion to the rst order ne essary optimality

an

onditions may not be the optimal solution to the

original problem. Then se ond order optimality
have to be used to

o-state. Of

onditions (like Legendre-Clebs h

onditions)

he k optimality. Moreover, it is often required to have a good knowledge

of the global behavior of the solution before implementing shooting methods (existen e of
singular ar s, number of
Both

ommutations and so on).

lasses of methods mentioned above present several di ulties when the optimization

problem is non- onvex.

Indeed in this

ase the above methods are not able to avoid lo al

minima, espe ially for shooting methods that have the reputation to have a small
radius. The initialization of these methods
In

ontrol theory, there is another approa h

whi h is based on the Dynami
leads to a

onvergen e

an also be very hard.
alled Hamilton-Ja obi-Bellman (HJB) and

Programming Prin iple (DPP) studied by R. Bellman [15℄. It

hara terization of the value fun tion as a solution of an HJB equation whi h is a

rst order nonlinear Partial Dierential Equation (PDE) in dimension

d, where d is the number

of variables involved in the problem. The HJB equation may be viewed as a dierential form
of the DPP, and appears to be well-posed in the framework of
by Crandall and Lions [16, 17, 18℄.

ed

These tools allow us to perform numeri al analysis of

the approximation s hemes. The theoreti al and numeri al
not

vis osity solutions introdu

ontributions in this dire tion do

ease growing, see the book of Bardi and Capuzzo-Dol etta [19℄, and the Appendix A by

Fal one in the same referen e.
An interesting by-produ t of the HJB approa h is the synthesis of the optimal

ontrol in

feedba k form. On e the HJB equation is solved, for any starting point, the re onstru tion
of the optimal traje tory

an be performed in real time.

Also the method gives a global

optimum and do not need any initialization pro edure, see [20℄.
HJB approa h is that state or mixed state- ontrol

3

onstraints

Another advantage of the

an be taken into a

ount. Of

ourse, we should be

areful when handling vis osity solutions for the HJB equation asso iated

with su h problems, see [21, 22℄.
Although the theoreti al framework of the HJB approa h is well known, this approa h is
also known to be di ult [23℄.

It is usually not used in pra ti e be ause of the numeri al

omplexity for dis retizing the non-linear PDE when the dimension
( lassi al nite dieren e methods are not very a
many appli ations, the

d

of the state is large

urate and are CPU-time

onsuming). In

omputation of the solution of the HJB equation is

onsidered to be

di ult to perform. For guidan e purpose, an appli ation of the HJB equation
around a referen e traje tory [23℄.

But this approa h

an be obtained

onnot be used for a general

ontrol

problem where the optimal solution is not known.
In this work we aim to show that
we

ombining several new te hniques for the HJB approa h

an obtain e ient solutions to a fully nonlinear

ontrol problem.

More pre isely, we investigate the potential of the HJB approa h for the
in the

limbing problem

ase of the European Ariane 5 laun her developped by the Fren h spa e agen y "Centre

National d'Études Spatiales" (CNES). For a given payload (xed nal mass), we aim at
steering the laun her to the Geostationary Transfert Orbit (GTO) with
onsumption under a dynami

pressure

minimal

propellant

onstraint.

We assume that the laun her traje tory evolves in a plane (equatorial plane) and its position
is dete ted by the altitude
ight path angle

γ.

r

and longitude

L,

the velo ity is dened by its modulus

The dynami s of these state variables depend on the mass

m.

v

and the

The latitude

and azimuth variables are supposed to be xed. These assumptions lead to a simplied model
involving only 4 state variables

(r, v, γ, m),

the longitude

variables (details are given in Se tion 2.2). The

L

being dedu ed from the other

ontrol variable is the angle for the dire tion

of the thrust for e. Our simplied model is in the same line as in [4℄, it means that there is no
out-of-plane steering optimization

onsidered in the problem, and the approximated traje tory

remains planar afterwards.
The payload beeing xed, the mass is a deterministi
unknown optimal minimal time (see Se tion 2.3). The

fun tion of

tf − t

where

tf

is the

ontrol problem is then formulated as

a nonautonomous minimal time problem:

(Px )


T (x) := minimize tf ,








ẏx (t) = f (tf − t, yx (t), α(t)) , t ∈ [0, tf ],
with
yx (0) = x,




tf ≥ 0, α(t) ∈ A for a.e. t ∈ [0, tf ],



yx (tf ) ∈ C, Ψ(yx (t), α(t)) ≤ 0 for a.e. t ∈ [0, tf ],

y = (r, v, γ) belongs to R3 , A ⊂ Rm is the set of admissible ontrol values, f : R+ ×Rd ×
A → Rd is the dynami s, C ⊂ Rd is the target and Ψ : Rd × A → R is the mixed state/ ontrol
onstraint fun tion. In order to ompute T (x), we rst onsider the "rea hability fun tion
ϑ(t, x)" whi h takes a value of 0 if there exists a traje tory that an rea h the target C at
time t and from starting point x, otherwise takes a value of 1. It is shown in [24℄ that ϑ is a
where

lower semi

ontinuous (l.s. .) fun tion, and that it is the unique l.s. .

vis osity solution of the

following HJB equation

(

ϑt (t, x) +

max

α∈A,Ψ(x,α)≤0

{−f (t, x, α) · ∇x ϑ(t, x)} = 0 t > 0, x ∈ R3
x ∈ R3

ϑ(0, x) = Φ(x)

4

(1)

ϑt represents the time derivative, and ∇x ϑ denotes
x (the time derivative and the gradient are taken in
be re overed from ϑ(t, x) (see Proposition 3.1).

where

variable
an

The

omplexity of a

the gradient with respe t to the
a general sense). Moreover, T (x)

limbing mission (separation of stages, strong variations of the state

variables) makes this HJB equation a long-time evolutive PDE where dierent s ales are
involved.

ϑ

However, in our approa h, the rea hability fun tion
omputation
rea hable set

takes only values

orresponds to the determination of the front

Ωt := {x, ϑ(t, x) = 0},

Γt

0

and

1

that en loses the ba kward

and whi h requires only lo al

al ulations around

this aim, we dis retize (1) by the Ultra Bee s heme whi h has the ni e property to
the front with a good a

and its

Γt .

For

ompute

ura y without numeri al diusion (see [25, 26℄, see also [27, 28℄ for

onvergen e results). Following [20℄, the Ultra Bee s heme is implemented on a sparse data
stru ture in whi h the values of
grows as

O(N )

N

where

ϑ are

stored. This leads to an algorithm where the CPU time

is the number of nodes around the front.

They are several advantages of the present HJB approa h. Mainly, it does not ne essitate
any new initialization pro edure.
laun her. It

ould be used for more

Moreover, our algorithm is not spe i
omplex laun her missions with state

stress again that the HJB approa h gives robust feedba k
the numeri al se tion where on e the value fun tion is

to the Ariane 5
onstraints. Let us

ontrol laws. This is illustrated in

omputed a feedba k

ontrol

an be

obtained even for perturbed data. On several numeri al examples, we show the relevan e of
our approa h, and in parti ular we obtain good results even on a relatively

oarse mesh. Here

the use of an anti-diusive s heme plays a key role.
The paper is organized as follows. Se tion 2 is devoted to the presentation of the physi al
model and the related optimal

ontrol problem.

In Se tion 3, we give some results on the

Hamilton-Ja obi-Bellman approa h in a general mathemati al framework. Numeri al results
are given in Se tion 4.

2

Problem statement

2.1 Physi al model
In order to model the problem, we rst dene a suitable frame to des ribe the state variables.
Let

Ω

O

denote the

enter of the Earth,

eK

be the angular velo ity oriented along

frame

entered at

O,

rotating around

eK

be the North-South rotation axis of the Earth, and

eK .

R := (eI , eJ , eK ) a quasi-inertial
speed Ω, and eI is hosen to interse t

We denote by

with angular

the Greenwi h meridian.
Let

rT

denote the Earth's mean radius and
are

(r, L, ℓ),

the mass

enter of the vehi le. The spheri al

where r is the distan e to O , L is the longitude
R1 = (er , eL , eℓ ) is entered at G and dened su
the lo al verti al dire tion and (eL , eℓ ) is the lo al horizontal plane with eℓ lies
(er , eK ) and pointing to the North (i.e., eℓ · eK > 0), see Figure 1.
oordinates of

latitude.

G

G

The moving frame

and

ℓ

is the

h that

er

is

in the plane

X : t 7−→ (x(t), y(t), z(t)) be the traje tory of G in the quasi-inertial frame (eI , eJ , eK )
−
→
−
→
and let v := ẋeI + ẏeJ + żeK be the relative velo ity. We parametrize v by its modulus v

Let

5

eK

er
G

−
→
v

γ

ℓ
eJ

O

eℓ

G

L
eI

χ
eL
→
Proje tion of −
v on the frame (eL , eℓ)

Figure 1: setting of the frame

→
er and −
v;
−
→
the azimuth χ whi h is the angle between eL and the proje tion of v on (eL , eℓ ), see Figure 1.
In addition to the frames R and R1 , we also introdu e the orthonormal frame R2 = (i, j, k)
→
−
−
→
v
dened su h that i has the same dire tion as the velo ity v (i.e., i =
v ), j is the unitary
ve tor in the plane (i, er ) perpendi ular to i and satisfying j · er > 0 and k = i ∧ j. This new
frame R2 will be very useful to des ribe the evolution of the mass enter G. From now on,
the system is represented in the oordinates (r, L, ℓ, v, γ, χ).
and two angles: the path in lination (or ight angle)

γ

whi h is the angle between

During its motion the engine is submitted to:

•

−
→
→
Fg = m−
g , where m is the mass of the vehi
−g(r)(cos γ i + sin γ j) is the gravitational eld. The term g(r)
µ
g(r) := 2 ,
r

Gravitational for e:

where

µ is Earth's

gravitational

high order term in the harmoni

•

Drag for e:
that

FD

−→
FD = −FD (r, v, α)i

onstant (we negle t the

J2

−
→
g = −g(r)er =

le and

is given by

orre tion term, and others

expansion of the gravitational eld).
opposite to the velo ity

−
→
v.

In this paper, we

onsider

is given by

FD (r, v, α) = Sr Q(r, v)(Cx (r, v) + Cxx |α|)
where

α

is the angle of atta k whi h is the angle between the velo ity

−
→
v

and the axis

of the laun her (in the plane (er , i)) and Q(r, v) is the dynami pressure dened by
Q(r, v) = 0.5ρ(r)v 2 , with ρ(r) the atmospheri density, Sr is the referen e surfa e, Cx
and Cxx are aerodynami
oe ients. In the sequel the angle α will be onsidered as a
ontrol variable.

•

Thrust for e:

−2 , where

ms

and

•

S

−
→
FT = FT (r)(cos αi + sin αj), with FT (r) = βg0 Isp − SP (r) with g0 = 9.81
P (r) is the atmospheri pressure, and β (ow rate), Isp (spe i impulse)

(surfa e) depend on the stage.

Coriolis for e

−
→ →
2m Ω ∧ −
v

angular velo ity.

and

entripetal for e

−
→ −
→ −−→
m Ω ∧ ( Ω ∧ OG),

where

−
→
Ω

is the Earth's

We add these two for es be ause we are not in an inertial referen e

frame.
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Taking into a

ount all these for es, and using Newton's laws of motion, we get:

m
In the frame

→
−
→ −→ −
→
−
→ →
−
→ −
→ −−→
d−
v
= Fg + FD + FT − 2m Ω ∧ −
v − m Ω ∧ ( Ω ∧ OG).
dt

(i, j, k),

(2)

the physi al law (2) yields to:

dr
= v cos γ
dt
dv
FD (r, v) FT (r, v, a)
= −g(r) cos γ −
+
cos α
dt
m
m
+Ω2 r cos ℓ(cos γ cos ℓ − sin γ sin ℓ sin χ)


g(r) v
FT (r, v, a)
dγ
= sin γ
−
sin α
−
dt
v
r
vm
r
−2Ω cos ℓ cos χ − Ω2 cos ℓ(sin γ cos ℓ − cos γ sin ℓ sin χ)
v
v sin γ cos χ
dL
=
dt
r cos ℓ
dℓ
v
= sin γ sin χ
dt
r
dχ
r sin ℓ cos ℓ cos χ
v
= − sin γ tan ℓ cos χ − 2Ω(sin ℓ − otanγ cos ℓ sin χ) + Ω2
dt
r
v
sin γ
For a multi-stage heavy laun her (su h as Ariane 5), the mass
three quantities: payload's mass

ML (t)

that

MP,E2

laun her's mass

ML

(3b)

(3 )
(3d)
(3e)
(3f )

by the sum of the

and propellant's mass

MP . Note
MP is

depends on the ight phase as detailed in Table 1. The propellant mass

split into tree parts of
and

MP L ,

m(t) is given

(3a)

onsuming fuel:

MP,EAP

for the boosters,

MP,E1

for the rst stage,

for the last stage:

m(t) = MP L + ML (t) + MP,EAP (t) + MP,E1 (t) + MP,E2 (t)
The propellant is progressively

(4a)

onsumed and indu es a variation of the mass of the engine.

This variation depends on the ight phase:

•

Phase 0: verti al take o (about 10 se onds). During this phase both boosters and the
rst stage are ignited. The laun her is
to

•

ontrol (α

≡ 0).

ompletely verti al (γ

This phase will be not taken into a

≡ 0)

and there is nothing

ount in our model.

Phase 1: still during this phase both boosters and the rst stage are ignited. It lasts
until the boosters separation.

•

Phase 2: propulsion is assured only by rst stage. This phase lasts until the rst stage
separation.

•

Phase 3: nal phase, until the nal time, where only the se ond stage is ignited.

The evolution of the mass

an be summarized as follows where

βEAP , βE1

ow rates for the boosters, the rst and the se ond stage respe tively, and

ME2

βE2 are mass
MEAP , ME1 and

and

are the mass of the boosters, rst and se ond stages.

Our aim is to minimize the fuel

onsumption by steering the vehi le from a given initial

position on the Earth to a spe ied orbit (for instan e GTO orbit).
laun her's mass are supposed to be xed.

7

The payload and the

Table 1: Evolution of the masses
Phase 0 & 1

Phase 2

Phase 3

ṀP,EAP (t) = −βEAP
ṀP,E1 (t) = −βE1
ṀP,E2 (t) = 0

ṀP,EAP (t) = 0
ṀP,E1 (t) = −βE1
ṀP,E2 (t) = 0

ṀP,EAP (t) = 0
ṀP,E1 (t) = 0
ṀP,E2 (t) = −βE2

(4b)

ML (t) = MEAP + ME1 + ME2 ML (t) = ME1 + ME2 ML (t) = ME2

2.2 A simplied model
≡ 0 and eℓ ≡ eK ), and
≡ 0). Furthermore, sin e we are
onsumption, the evolution of (r, v, γ, m) does not depend on the
does not make any onstraint on L, the equation (3d) an be

We assume here that the plane of motion is the equatorial plane (ℓ
the drag and thrust for es are
aiming to minimize the fuel
longitude

L,

and the target

ontained in this plane (χ

dropped out. Therefore, a simplied (nevertheless realisti ) model is given by (4) and

dr
= v cos γ
dt
FD (r, v) FT (r, v)
dv
= −g(r) cos γ −
+
cos α + Ω2 r cos γ
dt
m(t)
m(t)


g(r) v
r
FT (r, v)
dγ
= sin γ
−
sin α − Ω2 sin γ − 2Ω
−
dt
v
r
v m(t)
v
The simpli ation

onsidered here and leading to (5) is

oherent with the real

(5a)
(5b)

(5 )

ase of laun hing

from a nearly equatorial base to a geostationary transfer orbit.

Although the longitude L is important to lo alize the laun her, it should not be
onsidered as a state variable sin e it an be obtained from the variables r, v, γ , by a simple
integration of the dierential equation

Remark 2.1

v
dL
= sin γ.
dt
r

2.3 Optimal ontrol problem
The problem is to steer the vehi le from an initial position

(r0 , v0 , γ0 )

to a target

C,

whi h is

a terminal manifold representing the GTO orbit. The initial

onditions are

to CNES's data.

onsider a mixed state/ ontrol

For the

limbing problem it is natural to

hosen a

ording

onstraint of the form

Q(r, v)|α| ≤ Cs ,
where

Cs

is a

onstant. The

(6)

onstraint (6) links the in iden e angle and the dynami

pressure.

The l.h.s term in (6) represents the rst term of the transverse load on the laun her.

The

laun her design minimizes the mass stru ture, and is strong along the longitudinal axis but
not along the transverse axes. For this reason,
optimal traje tory.
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onstraint (6) should be

onsidered along the

We assume that the laun her is always at full thrust, therefore, minimizing the fuel
sumption

on-

orresponds minimizing time. This allows us to set the problem in the framework

of minimum time problems


Minimize tf




(r,
v, γ, m, α) satises (4) − (5)



r(0) = r0 , v(0) = v0 , γ(0) = γ0 ,
α(t) ∈ [αmin , αmax ] for a.e. t ∈ [0, tf ],





(r(tf ), v(tf ), γ(tf )) ∈ C, m(tf ) = MP L + ME2


Q(r, v)|α| ≤ Cs for a.e. t ∈ [0, tf ].

(P)

(7)

We point out that the aim of the above problem is not to maximize the payload
at the target but rather to give the minimal fuel's quantity to take a given payload on the target.

Remark 2.2

Now, we

ome ba k to the evolution of the mass. As we said at the end of Se tion 2.1, the

"maximal

apa ities" of the boosters as well as the stages are supposed to be xed. This does

not mean that we x the quantity of the fuel, but only the shape of the laun her and the
apa ities of ea h part.
The evolution of the mass does not depend on the other state variables. The nal payload
being xed, the mass depends only on the nal time of the traje tory.
time

tf

is known, the mass

Indeed, if the nal

ould be obtained by a simple ba kward integration of (4) with

m(tf ) = MP L + ME2 . Then we would obtain:

MP L + ME2 + βE2 (tf − t)
in (tf − t3 , tf )



MP L + ME2 + βE2 t3 + ME1 + βE1 (tf − t3 − t) in (tf − t3 − t2 , tf − t3 )
m(t) =
 MP L + ME2 + βE2 t3 + ME1 + βE1 t2


in (0, tf − t3 − t2 )
+MEAP + (βEAP + βE1 )(tf − t3 − t2 − t)

the nal

where

t3

ondition

is the duration of the third phase and

den e of ea h

t2

that of the se ond. Note that in

hange of phase an empty reservoir is abandoned

total mass. We dene the fun tion
new fun tion, the

(P ′ )

ontrol problem
















orrespon-

ausing a dis ontinuity in the

m
e as the fun tion su h that m(t) = m(t
e f − t).
(P) an be rewritten in the following form:

With this

tf
= v cos γ
FD (r,v)
FT (r,v)
2
= −g(r) cos γ − m(t
e f −t) + vm(t
e f −t) cos α + Ω r cos γ


FT (r,v)
v
2r
= sin γ g(r)
v − r − vm(t
e f −t) sin α − Ω v sin γ − 2Ω

Minimize

dr
dt
dv
dt
dγ
dt

(8)



r(0) = r0 , v(0) = v0 , γ(0) = γ0 ,




α(t) ∈ [αmin , αmax ] for a.e. t ∈ [0, tf ],




(r(t
m(0)
e
= MP L + ME2

f ), v(tf ), γ(tf )) ∈ C,


Q(r, v)|α| ≤ Cs for a.e. t ∈ [0, tf ],

In this equivalent formulation, the mass does not appear as a state variable but it is expli itly
given in fun tion of the nal time (whi h is unknown). This allows us to drop one dimension,
greatly speeding up the

omputation. Note that this is possible be ause the equation for the

mass does not involve the

ontrol

α

and its dynami s does not depend on the other variables.

The problem (P ′ ) is a minimal time problem for a non-autonomous system.
Moreover, the dynami s depends on the nal time. In the following se tion, we re all how we
an deal with su h a problem by using the HJB approa h.
Remark 2.3

9

3

Hamilton-Ja obi-Bellman approa h

3.1 General framework
(P ′ )

The problem

(Px )

enters into a general setting of time optimal

ontrol problems of the form:


T (x) := minimize tf ,








ẏx (t) = f (tf − t, yx (t), α(t)) , t ∈ [0, tf ],
with
y
x (0) = x,




tf ≥ 0, α(t) ∈ A for a.e. t ∈ [0, tf ],



yx (tf ) ∈ C, Ψ(yx (t), α(t)) ≤ 0 for a.e. t ∈ [0, tf ],

x belongs to Rd (with d ≥ 1), A ⊂ Rm is the set of admissible ontrol
d
d
d
d
values, f : R+ × R × A → R is the dynami s, C ⊂ R is the target and Ψ : R × A → R
is the mixed state/ ontrol onstraint fun tion. The fun tion T represents the minimal time
d
fun tion whi h asso iates to ea h x ∈ R the minimal time tf needed to rea h the target with
where the initial position

an admissible traje tory obeying the state/ ontrol
in the dynami s, the above setting of the
Let us re all some theoreti al results
this se tion, we assume that
(A1)

f

is a

and

Ψ

on erning the HJB approa h for problem

satisfy some

(Px ).

In

lassi al assumptions:

(t, x) ∈ R+ × Rd the set f (t, x, A) is losed and
supa∈A |f (t, ξ, a)| ≤ c0 (1 + |ξ|). Moreover, for every

ontinuous fun tion, and for every

onvex.

R > 0,

f

onstraint. Be ause the nal time appears

ontrol problem is not usual.

c0 ≥ 0 s.t.
LR > 0, su h that

There exists
there exists

∀t ∈ R+ , ∀ξ, z ∈ B(0, R), sup |f (t, ξ, a) − f (t, z, a)| ≤ LR |ξ − z|.
a∈A

(A2)

Ψ is a ontinuous fun tion and for every x ∈ Rd
0} is losed, onvex, and nonempty.

Time optimal

the set

{Ψ(x, a) | a ∈ A,

and

Ψ(x, a) ≤

ontrol problems for autonomous dynami s have been studied in several pub-

li ations. It is known that in this

ontext the minimum time fun tion satises the dynami

programming prin iple (DPP) and is hara terized by a steady HJB equation [19℄. Bokanowski
et. al. prove in [24℄ that the minimum time fun tion for the nonautonomous
satisfy the DPP and
[24℄, fun tion

T

annot be

ase does not

hara terized by an HJB equation. However, still a

is linked to the determination of ba kward rea hable sets of the

ording to
ontrolled

ϑ(t, x) that takes value 0 if there extarget C before time t and starting from x,

system. More pre isely, dene a rea hability fun tion
ists an admissible traje tory
otherwise takes the value

1,

yx

whi h rea hes the

i.e.


ϑ(t, x) := minimize Φ(yx (t)),









 with: ẏx (s) = f (t − s, yx (s), α(s)) a.e. s ∈ [0, t],
yx (0) = x,




α(s) ∈ A for a.e. s ∈ [0, t],





Ψ(yx (s), α(s)) ≤ 0 for a.e. s ∈ [0, t],
10

(9)

where

Φ

is given by

Φ(y) =
For every

t ≥ 0,

the set

or also  apture basin,



0
1

if

y∈C

otherwise.

Ωt := {x ∈ Rd | ϑ(t, x) = 0} is
at time t. It orresponds to the

alled the ba kward rea hable set,
whole set of starting points

whi h there exists an admissible traje tory rea hing the target before time
for introdu ing the rea hability fun tion

ϑ

t.

x

from

The interest

lies in the fa t that this new fun tion satises the

DPP and we have:
Proposition 3.1

For every x ∈ Rd , we have:
T (x) = min{t ≥ 0, ϑ(t, x) = 0},

with the onvention that T (x) = +∞ whenever {t ≥ 0, ϑ(t, x) = 0} = ∅.
We prove in [24℄ that under assumption (A1)-(A2), the fun tion
unique lower semi- ontinuous (l.s. .)

the vis osity sense)
(
where

ϑt (t, x) +

max

α∈A,Ψ(x,α)≤0

ϑ,

dened in (9), is the

solution of the Hamilton-Ja obi-Bellman equation (in

{−f (t, x, α) · ∇x ϑ(t, x)} = 0 t > 0, x ∈ Rd

(10)

x ∈ Rd

ϑ(0, x) = Φ(x)

ϑt represents the time derivative, and ∇x ϑ denotes the gradient with
x (the time derivative and the gradient are taken in a general sense).

respe t to the

variable

The HJB equation is well known to have
data the solution

omplex behavior. Even in the

ase of smooth initial

an be ome non dierentiable in nite time. In quest of unique solutions,

Crandall and Lions [16℄ introdu ed the notion of a vis osity solution, whi h has been extended
to the more general
the dynami s

f.

Φ,

ase of a l.s. . initial fun tion

and under more general assumptions on

The notion of a vis osity solution appears to be the right denition for the

solution of the HJB equation sin e it allows us to deal with non dierentiable fun tions.
Now, to obtain the minimum time fun tion

T,

ϑ by
ϑ takes only values 0 and 1 and
front Γt that en loses the ba kward

we rst

ompute the value fun tion

solving the HJB equation (10). Let us point out that fun tion
its

omputation

rea hable set
the

Ωt ,

orresponds to the determination of the
whi h requires only lo al

ombination of two ingredients.

al ulations around the front. To do this, we use

The rst one is the dis retization of (10) by the Ultra

Bee s heme whi h has the ni e property of
diusion (see [25, 26℄).

stru ture in whi h the values of

dynami
where

N

omputing the front with good a

ura y without

The se ond one (as important as the rst one) is an e ient data

ϑ

are stored.

Following [20℄, we

hoose the

Sparse semi-

data stru ture whi h leads to an algorithm where the CPU time grows as

O(N )

is the number of nodes around the front.

Finally, we re all that the
the re onstru tion from

T

al ulation of

ϑ

and

T

of the optimal feedba k

is not an aim by itself. The nal goal is
ontrol

α∗ (·)

[19, Appendix A℄. Moreover,

as we said before, the most interesting advantage of this method is the fa t that it allows us to
rea h a global minimum of the

ost fun tional, while

provide only lo al minima.

11

lassi al methods as shooting methods

3.2 HJB approa h for problem (P ′ )
In the HJB approa h the optimal

(r, v, γ),

problem in the spa e

t

The front at time

ontrol problem

(P ′ )

an be seen as a front propagation

where the initial front at time

t=0

orresponds to the set of points whi h

is the target (GTO orbit).

an rea h the target in time

t,

but not before. Note that in this interpretation the time ow is reversed with respe t to the
physi al problem sin e the front propagates from the target to the spa e while the optimal
traje tory goes from the spa e to the target.
Hen e, the rea hable fun tion



ϑ

asso iated to

(P ′ )

satises:

ϑt (t, x) + H(t, x, ∇x ϑ(t, x)) = 0 t > 0, x = (r, v, γ) ∈ R3
ϑ(0, x) = Φ(x)
x = (r, v, γ) ∈ R3 ,

where the Hamiltonian

H : R+ × R3 × R3 → R
(

H(t, r, v, γ, p1 , p2 , p3 ) : =

(11)

is dened by

− p1 v cos γ

max

α∈[αmin ,αmax ],
Q(r,v)|α|≤Cs



(r,v)
FT (r,v)
2 r cos γ
−p2 −r) cos(γ) − FD
+
cos
α
+
Ω
m(t)
e
vm(t)
e
)




FT (r,v)
v
.
sin α − Ω2 vr sin γ − 2Ω
−p3 sin γ g(r)
v − r − vm(t)
e

Problem (P ′ ) enters into the general setting of Se tion 3.1. The only dieren e
here is the fa t that the dynami s does not satisfy exa tly assumption (A1). In parti ular, the
dynami s for problem (P ′ ) is not ontinuous in time sin e it has jumps at the end of ea h
phase. However, the HJB approa h is still valid and equation (11) should be understood in the
general vis osity sense given in [29℄. We will not enter in more theoreti al details and fo us
only on numeri al issues.

Remark 3.1

3.3 Numeri al approximation of ϑ and T
Although equation (10) is set in the whole spa e
to

hoose a nite domain

the target (it

[0, T ] × B ,

where

T

spa e grid

G

B,

on

omputation we have

omputation pro ess), and

B

is

hosen as a

d-

ontaining the target and the initial point of the optimal traje tory. Then we

onsider a dis retization of the HJB equation (10) on

xi ∈ G ,

to perform

is an upper bound of the needed time to rea h

ould be in reased during the

dimensional box

R+ × Rd ,

with mesh step

we denote by

Vjn

[0, T ] × B .

For this we

hoose a uniform

(∆r, ∆v, ∆γ). On ea h time tn and at ea h node point
ϑ(tn , xj ). Then the dis rete approximation of

an approximation of

(10) is given by:

Vjn+1 − Vjn
∆tn

+

max

α∈ANa ,Ψ(xj ,a)≤0

{−f (tn , xj , α) · [DV n ]} = 0,

for every

xj ∈ G, n ≥ 0,
(12a)

Vj0

= Φ(xj ),

where as usual

ANa

for every

xj ∈ G,

is a nite set of

approximation of the gradient. It

(12b)

Na

elements of

A (Na > 0),

and where

[DV n ]

is an

an be obtained by a nite dieren es s heme (Upwind,

ENO, WENO, ...), by semi-Lagrangian methods, or any other s heme.
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In this paper, we

use for this approximation the rst-order HJB Ultra Bee s heme together with an e ient
storage te hnique introdu ed in [20℄.

In (12),

∆tn

is a variable time step.

Re all that for

2
stability reasons, the time step and the grid mesh should satisfy a CFL -like

ondition, see

for example [20℄.
To

ompute the minimum time fun tion, we follow the

We rst set
ell

T (xi ) = 0 for every xi ∈ C ,
xi that Vin is  lose to
the value T (xi ) annot be

entered at

afterwards
mass

otherwise
zero and

xi

T (xi ) = +∞. If at time tn we dete t on the
T (xi ) = +∞, then we set T (xi ) = tn (and

hanged anymore).

omputed by (8) at that time. Sin e

the target from the point

hara terization of Proposition 3.1.

T (xi )

with the optimal

We also store the

orresponding

orresponds to the minimal time to rea h

ontrol, the

orresponding mass is the lowest

possible allowing to rea h the target.

Let us point out that physi al reasons allow us to restri t the omputational
domain, thus de reasing the CPU time. For instan e, the region of small altitude with high
velo ity is learly not interesting.
Remark 3.2

When fun tion

ϑ

(and then

the optimal feedba k

T)

is

omputed everywhere, we use it in order to re onstru t

ontrol law and the

orresponding optimal traje tory [19, Appendix A℄.

In all the tests performed in the next se tion, we use for the re onstru tion of the optimal
traje tory a

4

lassi al fourth-order Runge-Kutta s heme.

Numeri al simulations

Before atta king the real problem, we fo us our attention on a simplied 2-dimensional model
in whi h our te hnique
were done on a

2.6

an be more easily illustrated and the

GHz

omputer Opteron

275

with

4

ode veried. All

omputations

GB RAM.

4.1 A model problem in 2D
We

onsider here the

ase of a laun her with two stages

E1

and

E2,

whi h moves only in the

verti al dire tion and with thrust from two dierent engines. The nal goal here is to nd the
minimal amount of propellant needed by the laun her to rea h a given altitude
with free speed and xed mass

MP L = 0.1

3 ≤ rC ≤ 3.1,

(payload). At the beginning the ro ket uses only

the rst engine (phase 1) until its propellent is

ompletely

onsumed.

After that, the rst

engine and its empty reservoir are lost and the laun her uses only the se ond engine (phase
2). It is also assumed that one engine is always on, that is a ballisti
The dynami s we

(
where

FT

is the thrust for e and

u

ṙ(t) = v(t)
T (t)
−
v̇(t) = u(t)F
m(t)
is a

FT (t) =
2

phase is not allowed.

onsider are

ontrol parameter. We



2.5
0.5

Courant-Friedri hs-Levy
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(13)

2
,
r 2 (t)

in phase 1
in phase 2.

hoose

ṁ = −β(t),

1
β(t) =
0.2

The mass varies following the law

The

ontrol

in phase 1
in phase 2.

u adjusts the engine's power and it

ae ts only the lift power, but not the mass
in this

where

ase the optimal

an vary in

A = [0, 1].

Note that the

ontrol

onsuming as in the Goddard problem. Of

u

ourse

ontrol is the maximal one and there is no singular ar s. We assume

that the weight of the se ond stage (with its propellant) is
rst stage is 0.1. The phase

0.2

and the weight of the empty

hanges when the mass be omes equal to

MP L + 0.2 = 0.3

and,

at that time, the mass immediately drops to 0.3-0.1=0.2 (separation of the rst stage).
As we already noted, the HJB approa h allows us to deal easily with mixed state/ ontrol
onstraints. To test this feature, we impose that

u ≤ 0.6

if

r < 1.8.

This

hoi e just says that

if the altitude is low, it is not allowed to use the maximal engine power. In the present test
we have used only the following

omputational domain

{(r, v) : 1 ≤ r ≤ 3.1, −0.5 ≤ v ≤ 4

and

v ≤ r + 1}.

In Fig.2 we show the level sets of the minimum time fun tion

T

whi h represent the points

4
3.5
3
2.5

v

2
1.5
1
0.5
0
−0.5

1

1.5

2
r

2.5

3

Figure 2: A 2D dimensionless model problem. Level sets of the fun tion
optimal traje tory ( ir les)

T

and the approximate

ompared with the exa t optimal traje tory (solid line).

from whi h it is possible to rea h the target in the same time (and with the same mass). We
also show an approximate optimal traje tory ( ir les) starting from the point
the optimal mass

m∗ (x) = 0.97

x = (1.6, 0) with

omputed by the algorithm, as well as the exa t traje tory

(solid line), and we observe a good

orrespondan e.

4.2 The real problem
Now we

onsider the real model

′

orresponding to (P ).

103 kg.

MP L = 15.37 ×
This means that the
mf = MP L + ME2 = 21.57 × 103 kg (just before the

be

14

Unless spe ied, the payload will

nal mass of the traje tory should be
expulsion of the se ond stage

E2).

All the following tests will be performed in the domain:

(r, v, γ) ∈ B := [rT + 450

m,

As stated in Se tion 3, physi al
Here, we shall

onsider lo al

rT + 450

km]

× [60

ms

−1

, 10500

ms

onsiderations allow to restri t the

omputation on the subdomain

(r, v, γ) ∈ B,

K

−1

] × [0, π/2].

omputational domain.

of points

(r, v, γ)

su h that

fmin (r) < v < fmax (r),

(14)

with

fmin (r) := max (max((r − b1 )/a1 , (r − b2 )/a2 ), min(500.0, (r − b3 )/a3 )) ,
fmax (r) := (r − b4 )/a4 ,
and with

onstants given by:

a1 = 33.330, b1 = 6544700;
a3 = 52.000, b3 = 6379000;
In all the sequel, we will

a2 = 95.000, b2 = 6388000;
a4 = 14.285, b4 = 6370900.

ompare our results to a

referen e traje tory, whi

solution obtained by CNES by using shooting method on the
The variables

r

v

and

vary in large intervals.

h is a numeri al

omplete 6D physi al model.

After the take-o, the altitude as well as

the velo ity of the laun her are small but their variations are large.

In order to analyze

these variations well, we are tempted to take small dis retization steps, requiring

onsiderable

omputing time. For these reasons, we will make two types of tests:

•

In Tests 1 and 2, we will

onsider uniform grids on

steps. These steps are not su iently small to
small values of

r

and

v.

B

with reasonable dis retization

at h the behavior of the traje tory for

Therefore, we will restri t ourselves to the re onstru tion of

the optimal traje tory starting from the initial point

(r0 , v0 , γ0 ) :=(10.03

−1 ,

km, 476 ms

0.64 rad), taken from the referen e traje tory.

•

In Test 3, we propose a
when

r

hange of variable whi h will make it possible to have ne steps

is small and large steps elsewhere. This

hange of variable will enable us to start

the simulation from a very low altitude. Moreover, this
useful to deal with the terms

Finally, let us des ribe some notation whi h will be used:
nodes in the
Test 1:

r -axis,

in

v -axis,

and

γ -axis,

C := {(rT + 353

km,

1.45

To

v = 9742.64

ms

and

Nγ

rad)} that belongs to a parti ular GTO target (we

r = 225

km above earth and with

−1 ).

ompute the minimum time fun tion, we solve (12) on a grid with

100, Nγ = 50,

and we use

denote number of

onsider the problem of rea hing a given point

onsider here the GTO target whi h has its perigee at
relative velo ity

Nr , Nv

respe tively.

Here we

Thin target problem.

9617ms−1 ,

hange of variable will be very

1
1
r and v in the dynami s.

Na = 30

ontrol variables.

In Fig. 3 we

Nr = 100, Nv =

ompare the referen e

traje tory with our optimal traje tory re onstru ted from the approximation of the value
fun tion. We

an see that, even on a rough grid, the

omputed optimal traje tory is

lose to

the referen e one. The shadowed region represents the ba kward rea hable set, in luding state
onstraints. Re all the referen e traje tory is obtained by using the

15

omplete model (3), while

Figure 3: (Test 1)

the HJB

100 × 100 × 50

meshes,

30

ontrol variables.

omputation is based on the approximated model (5) and its numeri al approximation

by the Ultra Bee s heme. The whole HJB

omputation (ba kward rea hable sets, synthesis of

the optimal traje tory) takes only 217 s.
In Table 2, we report

omputations obtained with various mesh sizes.

ror/Ref" shows the error between the

The

olumn "Er-

omputed and the CNES referen e traje tory in variables

(r, v, γ). The olumn "Error/G" shows the error with the traje tory obtained with the nest
grid G: 300 × 300 × 100 (and Na = 30). The error is omputed as a normalized Hausdor 's
3 The olumn Mass M  gives the omputed optimal initial mass, and nally, the
distan e.
0
last

olumn gives the optimal time needed to rea h the target. The known optimal referen e

time for this problem is

T = 1178.4

s. We have observed that taking

Nc

greater than

30

does

Table 2: Test 1, Comparison with referen e traje tory.

(Nr , Nv , Nγ )
50 50 50
100 100 50
200 200 75
300 300 100

CPU time

Error/Ref

Error/G

78

0.102

0.105

217

0.086

0.056

1029

0.091

0.055

3571

0.044

0.000

not signi antly improve the

M0 (kg)
494.78 × 103
512.73 × 103
521.67 × 103
523.92 × 103

Mass

time (s)
1164.74
1168.90
1170.97
1171.49

onvergen e.

In Fig. 4 we show optimal mass values (represented with squares) at the starting point
omputed for dierent nal mass (desired) values (represented with bla k dots). These
putations are performed on a

oarse grid with a

100 × 100 × 50

mesh. After this

we verify the laun her arrives with the desired mass. Due to the a

om-

omputation,

umulation of numeri al

errors ( omputation of the value fun tion and then synthesis of the optimal traje tory), there
3
If A and B are two sets (two traje tories to be ompared), we have onsidered the normalized Hausdor
distan e to be dH (A, B) := max(δ(A, B), δ(B, A)) where δ(A, B) := max{d0 (x, B), x ∈ A} and

s

d0 (x, B) := min{

(x2 − y2 )2
(x3 − y3 )2
(x1 − y1 )2
+
+
,
2
2
x1
x2
x23
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y = (y1 , y2 , y3 ) ∈ B}.

is a loss of mass and the numeri al approximation gives an optimal traje tory of the laun her
whi h arrives to the target with the ee tive nal mass represented with triangles. An error
on optimal time of about 1% may imply an error on the nal mass of about

3 × 103

kg.

3

M0 (optimal initial mass)

3

mass (× 10 Kg)

10

m (effective final mass)
T

2

10

desired mass on target

1

10

19

19.5

20

20.5
m

target

21
21.5
3
(× 10 Kg)

22

22.5

23

Figure 4: Test 1, optimal mass.

Finally, we

mf = MP L + ME2 = 21.57 ×
M0 = 512.73 × 103 kg to re onstru t
c0 = 553.87 × 103 kg at the starting
be M

ome ba k to the test with the desired nal mass

103 kg. Now, instead of using the optimal initial mass
the optimal traje tory we impose the initial mass to
point

(r0 , v0 , γ0 )

as in the referen e traje tory. In that

ase, we observe (see Fig. 5) that we

are able to re over the referen e traje tory with a good a
nal mass

mC = 21.036 × 103

ura y (dH

Figure 5: Test 1, traje tory re onstru tion with an initial mass

Test 2: GTO Target and

GTO orbit. This target

onstraints. In this test we

an be

and hen e it is a one-dimensional

Na = 30

and with a

c0 = 553.87 × 103
M

onsider that the target

hara terized by a set of two equations in variables
urve that

ontrol variables (we

kg.

C is the
(r, v, γ),

an be numeri ally approximated. In Fig. 6, we

have plotted the numeri al solution obtained by HJB on a grid of
with

= 0.027),

kg.

100 × 100 × 50

nodes and

ompare to the referen e traje tory plotted in dotted line).
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We obtain the best point of the orbit to be rea hed with an optimal mass
and an optimal time of

1167.1

time (as well as the fuel

s. These results are

kg

onsistent with Test 1. Indeed, the optimal

onsumption) is smaller when the target is the whole GTO orbit than

when it is just a xed point. Noti e the
CPU time for

M0 = 505.01×103

apture bassin is bigger than in Test 1, however, the

omputing the value fun tion and synthesizing an optimal traje tory is just of

253 s.

Figure 6: Test 2,

100 × 100 × 50

As in Test 1, we use the optimal
a traje tory with the initial mass

mesh with

= 21.57 ×

Test 3:

c0 = 553.57 × 103
M

Complete tra je tory.

(r, v) = (0, 0)

kg, slightly above the

orresponding to the optimal

Here we aim to

ompute a

omplete traje tory.

First, if we dis retize the full

omputations get very low when the front is getting

(this is due to the CFL

ontrol law and

kg.

fa ed to the following numeri al di ulties.
domain, we observe that

kg. We observe that this traje tory (see

mC = 22.09 × 103

103 kg).

Figure 7: Test 2. Re onstru tion of a traje tory
with an initial mass

ontrol variables.

ontrol law obtained by the HJB approa h to re onstru t

c0 = 553.87 × 103
M

Fig. 7) rea hes the GTO target with the nal mass
desired mass (mf

30

We are

omputational

lose to the origin

onstraint already mentionned in Se . 3.3. Moreover,

18

the numeri al front is not pre ise enough to rea h the starting point.
rea h a better a

ura y at the beginning of the traje tory, we use a

(r, v, γ) → (x, y, γ)

dened by:

r = Kr (ex − 1) + rT ,
with

Kr = 1.5

km,

Kv = 1165.6

Thus, in order to
hange of variables

v = Kv (ey − 1) + vT ,

−1 , and

vT = 10

ms

ms

−1 .

After this simple

variables, we solve the HJB equation on a regular grid as before, in variables
we

ompute the res aled minimum time fun tion

T (r, v, γ).

hange of

(x, y, γ).

Then

Figure 8 illustrates the mesh used.

10000

v

8000
6000
4000
2000
0

0

100

200

300

400

r

Figure 8: Example of adapted mesh grid points used for Test 3, in the
only

50 × 50

(r, v)

plane (here with

points represented).

Finally, in Fig. 9 we show the optimal traje tory starting from the initial point

(r0 , v0 , γ0 ) := (501.69

m,

76.20

This point is taken from the referen e traje tory and

−1

ms

, 0.078

rad).

orresponds to the position of the laun her

at the end of the take-o (phase 0). We obtain the optimal initial mass
kg

orresponding to the optimal time

obtain a feedba k

m = 19.47 × 103

ontrol law, we

T = 1200.6

s.

M0 = 649.77 × 103

Using the minimal time fun tion to

an then re onstru t a traje tory leading to a nal mass

kg.

Figure 9: Test 3, Approximation of the optimal traje tory on a grid of
CPU time = 57 min.
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200 × 200 × 75

nodes.

This approa h

ould be used to initialize a shooting method (whi h needs a rst good

approximation in order to work) and then obtain better a
work in this dire tion already shows that this is very su

ura y.

Preliminary numeri al

essful on various examples, in luding

the Goddard problem [30℄.

5

Con lusion

In this work we have been able to estimate the minimum time fun tion for the
by solving an adequate front propagation problem.
in luding separation of stages and boosters, that gives
model. Our approa h uses a parti ular sparse

limbing problem

We deal with a simplied 3D model,
omparable solutions to a 6D referen e

oding method for data storage together with

an antidiusive s heme, and this allows to perform

omputations in a reasonable CPU time.

The great advantage of the knowledge of the minimum time fun tion is that it gives a robust
feedba k

ontrol law to rea h a given target.

To our best knowledge, this is the rst study of the appli ability of the HJB approa h for
the

limbing problem.

As expe ted, this approa h

without involving a high CPU time.

annot provide a very a

However, we showed that it

urate solution

an provide a qualitative

global view of the ba kward rea hable sets, and should give a good globally optimal solution
that

an then be used as initial guess for a more pre ise method. This subje t will be studied

in an ongoing work.
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